HYPERBOLIC ENTIRE FUNCTIONS 
WITH FULL HYPERBOLIC DIMENSION 
AND APPROXIMATION BY EREMENKO-LYUBICH FUNCTIONS 



LASSE REMPE 

Abstract. We show that there exists a hyperbohc entire function / of finite order of 
growth such that the hyperbohc dimension — that is, the Hausdorff dimension of the 
set of points in the Juha set of / whose orbit is bounded — is equal to two. This is 
in contrast to the rational case, where the Julia set of a hyperbolic map must have 
Hausdorff dimension less than two, and to the case of all known explicit hyperbolic 
entire functions. 

In order to obtain this example, we prove a general result on constructing entire 
functions in the Eremenko-Lyubich class B with prescribed behavior near infinity, using 
Cauchy integrals. This result significantly increases the class of functions that were 
previously known to be approximable in this manner. 

Furthermore, we show that the approximating functions are quasiconformally con- 
jugate to their original models, which simplifies the construction of dynamical coun- 
terexamples. We also give some further applications of our results to transcendental 
dynamics. 



1. Introduction 

The Hausdorff dimension dimH(J(/)) of tlie Julia set of a rational function / has been 
extensively studied. A related quantity, the hyperbolic dimension dimhyp(/), was intro- 
duced by Shishikura [ShJ as the supremum over the Hausdorff dimensions of hyperbolic 
subsets of </(/)• (Here a hyperbolic set K C J{f) is a compact, forward invariant subset 
of J{f) such that sufficiently high iterates of / are expanding when restricted to K.) 

Clearly the hyperbolic dimension is a lower bound for dim(J(/)). If the function / 
is hyperbolic, then by definition J(/) is a hyperbolic set itself, and hence dim J(/) = 
dimhyp(/). In fact, this equality holds in all known cases of rational functions, and 
the following question is of considerable interest in the measurable dynamics of rational 
maps. In some sense, it asks how prevalent expanding dynamics is in the Julia set. 

1.1. Question. 

Does there exist a rational function / with dim J(/) 7^ dimhyp(/)? 

The tantalizing possibility of such an example is suggested by results of Avila and 
Lyubich |ALj on Feigenbaum quadratic polynomials with periodic combinatorics. They 
show that, if such a map exists whose Julia set has positive area (and hence dimension 
2), then its hyperbolic dimension would need to be be strictly less than two. 
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These results resonate strongly with the iteration theory of transcendental entire func- 
tions, where it is known that, even for hyperbolic functions, frequently dim(J(/)) = 2 
and dimhyp(/) < 2. Stallard [S2] was the first to construct hyperbolic examples with 
dimhyp(/) < dim(J(/)) (in slightly different terminology), while Urbahski and Zdunik 
|UZ] proved that this situation occurs for hyperbolic exponential maps f{z) = exp(z)+a, 
where dim(J(/)) = 2 by a result of McMullen |McMj . This suggests that a systematic 
understanding of the measurable dynamics of transcendental entire functions is not only 
interesting in its own right, but can also help to shed light on problems such as Question 

A class of hyperbolic entire functions that has received particular attention in recent 
years is given by those of finite order and disjoint type: 

1.2. Definition. 

A transcendental entire function / : C — ?► C is hyperbolic if there exists a compact set 
K G C with f{K) C mt{K) such that the restriction 

f:r\C\K)^C\K 

is a covering map. An entire function is said to be of disjoint type if it is hyperbolic 
and the Fatou set F{f) is connected, or equivalently if the set K can be chosen to be 
connected. 

An entire function has finite order if, setting log^^r = max(0,logr), we have 

log+log+ \f{z)\ 
limsup — j < oo. 

2^00 10g+ 

The topology of the Julia set of a hyperbolic entire function of finite order is completely 
understood |BT| IBJRt IR21 IRRRSj . Moreover, the Hausdorff dimension of J(/) is equal 
to two in this case |B2] . and the hyperbolic dimension is greater than one |BKZ] . More 
precisely, suppose that / is of disjoint type and finite order. Then: 

• The Julia set is a disjoint uncountable union of curves to oo, each consisting of 
a finite endpoint and a ray connecting this endpoint to infinity. In fact, J{f) is 
ambiently homeomorphic to a straight brush in the sense of |AOj (i.e., a certain 
universal plane topological object). 

• The set of endpoints in J{f) has Hausdorff dimension equal to two. 

• The union of rays in J{f) has Hausdorff dimension equal to one. 

Furthermore, for a large class of hyperbolic entire functions of finite order, including 
all hyperbolic maps in the exponential family z i— )■ exp(2;) + a, the trigonometric family 
z ^ aexp(2;) + bexp{—z) and many others, the measurable dynamics is described in 
detail by the results of |MyUl[ |MyU2| . In particular, these maps satisfy dimhyp(/) < 



2 = dim(J(/)). This suggests the following problem. 
1.3. Question. 

Let / : C ^ C be a hyperbolic transcendental entire function of finite order. Is it always 
the case that dimhyp(/) < 2? 

In this article, we give a negative answer. 
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1.4. Theorem (Hyperbolic functions with full hyperbolic dimension). There exists a 
transcendental entire function f of disjoint type and finite order such that dimhyp{f) = 2. 

Furthermore, f can be chosen such that J{f) has positive measure. 

Approximation. In order to obtain the desired counterexample, we shall first con- 
struct a suitable "model function" with the desired behavior, and then approximate this 
map by an entire function. The idea of using approximation to construct interesting 
examples in complex dynamics was introduced by Eremenko and Lyubich |EL1] . who 
used Arakelyan's theorem [Gl Satz IV. 2. 3], an important result of approximation theory. 
Given a closed set A, this theorem states that any function g, defined and continuous on 
A and holomorphic on its interior, can be uniformly approximated by entire functions, 
provided that A satisfies some simple topological conditions. 

Arakelyan's theorem, while powerful, has the drawback that there is little we can 
say about the behaviour of the approximating function / outside of the set A. In 
particular, we have no control over the set sing(/~^) of critical and asymptotic values 
of /, which prevents us from being able to restrict the global function-theoretic or 
dynamical properties. Indeed, in order to obtain hyperbolic examples, we will at least 
need to be sure that the approximating function belongs to the Eremenko-Lyubich class 

B := {f : C ^ C transcendental entire: sing(/~^) is bounded}, 

which was introduced in |EL2j . A related problem, which we mention here for com- 
pleteness although it is not treated in this article, is approximation by functions in the 

Speiser class 

iS := {/ : C — i- C transcendental entire: sing(/~^) is finite} C B. 

Leaving aside dynamics for a moment, let us discuss the question of the function- 
theoretic behavior that these maps can exhibit. As it turns out, this will be the main 
problem to deal with when constructing hyperbolic examples. 

If / e fi, then for sufficiently large R > 0, every component of > R}) is 

simply connected and mapped by / as a universal covering. These components are 
called the tracts of / (over oo). If / G and T is a tract of / as above, then we can 
define a branch of log / on T, and log / — log i? : T — )■ EI is a conformal isomorphism 
(where EI := {Re 2 > 0} denotes the right half plane). Conversely, it is natural to ask 
which universal coverings can be approximated by entire functions in the class B. 

1.5. Question. 

Suppose that T C C is a Jordan domain whose boundary passes through infinity and 
that : T — 7- EI is a conformal isomorphism with /(oo) = (yo. Under which conditions 
on does there exist an entire function f E B (resp. / G 5) such that 

/(2) = e*(^) + 0(l), zeT7 

Arakelyan's theorem implies that such a function / always exists if we drop the re- 
quirement that f E B. 

A well-known way of building functions with a given tract is to use Cauchy integrals; 
see e.g. \PS\ Part III, problem 158]. Although this method is rather old, and has had 
many applications over the years, it does not seem to have been treated systematically 
in the classical literature. The only theorem of a general nature that we are aware of 
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was recently stated in |RRRS] , following a construction from a paper by Eremenko and 
Gol'dberg |GE] . The result in |RRRSl Proposition 7.1] states that approximation is 
always possible when \l/ is the restriction of a conformal isomorphism \E' : T' — )■ S, where 
S is a sector, S = e C : | arg 2;| < 7r/2 + e}. 

In [ RRRS] , this general theorem is used to construct a counterexample to the so-called 
strong Eremenko conjecture. However, the requirement that \l/ extends to a conformal 
isomorphism onto a sector of opening angle greater than vr is rather strong. It prevents, 
for instance, the construction of functions of lower order 1/2, as well as of tracts such 
as the one depicted in |RRS[ Figure 1]. 

In this note, we present a considerable strenghtening of |RRRSl Proposition 7.1], which 
states that approximation is always possible if \l/ extends to a conformal isomorphism 
whose domain is only "slightly" larger than the half plane H. It is convenient to first 
introduce the following definition. 

1.6. Definition (Model functions). 

A model function is a conformal isomorphism 

^ : T ^ i/, 

where 

• T C C is an unbounded simply-connected domain; 

• if is a simply-connected domain with M. G H (recall that EI := {Rez > 0} 
denotes the right half plane); 

• if 2„ G T is a sequence with /(-2„) — ?■ oo in ii, then z„ — oo in T. 

1.7. Theorem (Approximation of model functions). Let 

H := {x + iy : X > -141og_^ \y\}, 

where log_,_(t) := max(0, logt), and let : T ^ H he a model function. 
Set g := exp ov]/. Then there exists an entire function f G B such that 

f{z) = g{z) + O ^-^ when z G T, and 

f(z) = O when z^T 

(as z oo). If the domain T is symmetric with respect to the real axis and (/^(TnM) C M, 
then f can he chosen such that /(M) C M. 



Dynamical approximation. In order to use Theorem L7 to prove Theorem [1.4 



we 



observe that the approximation automatically preserves dynamical features. The key fact 
is that, given our quality of approximation, the functions / and g are quasiconformally 
equivalent near oo in the sense of |R2j : 



1.8. Theorem (Quasiconformal equivalence). Let f and g he as in Theorem 1.7, and 
let R> he sufficiently large. 

Then there exists a quasiconformal homeomorphism (y9 : C — t- C such that 

g{z) = fiviz)) 

for all z G C with \g{z)\ > R. 
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This map is asymptotically conformal at oo; more precisely, 

^{z) = z + 0{l) 

as z ^ oo. 

By |R2], this implies that the functions are quasiconformally conjugate on the set of 
points whose orbits stay suitably large under iteration. In our setting we can even be 
sure (adapting ideas from [R2j ) to obtain a global conjugacy on the Julia sets of the two 
functions, provided that the tract T is sufficiently well inside the domain {\z\ > 1}. 

1.9. Theorem (Quasi conformal conjugacy). There is a universal constant po > 1 with 
the following property. 



Let ^ : T ^ H be as in Theorem 1.7. with the additional property thatT C {\z\ > po}. 



Then, again setting g := expo\[f, the function f in Theorem \1. 71 can be chosen such 
that f and g are quasiconformally conjugate near their Julia sets. 

More precisely, there is a quasiconformal homeomorphism i? : C — )■ C such that 

^{g{z)) = fi^iz)) 

whenever \g{z)\ > po, and ^ restricts to a homeomorphism between the Julia set J{g) 
(i.e., the set of points that remain in T under iteration of g) and the Julia set of f . 
Furthermore, the complex dilatation of d equals zero almost everywhere on J{g). 



In order to prove Theorem 1.4, it will thus be sufficient to construct a model function 



\E' : T — )■ for which the map g := exp o\[' contains hyperbolic subsets of dimension 



arbitrarily close to 2 and which satisfies the hypotheses of Theorem 1.9 (Recall that 
quasiconformal mappings preserve sets of Hausdorff dimension 2.) 

Further applications. Let us state two further new theorems that can be obtained 
from our approximation results via known constructions. (We refer to the articles in 
question for background on the questions answered by these examples.) The first is a 
strengthening of [RRRS, Theorems 8.2 and 8.3]. 

1.10. Theorem (Counterexamples of low growth to the strong Eremenko conjecture). 

There exists a disjoint-type transcendental entire function f & B such that 

(a) log+log+ \f{z)\ = (log+ |;2|)i+°(i) as ^ ^ oo, 

(b) f has lower order 1/2, and 

(c) the Julia set J{f) has no unbounded path- connected components. 

Remark 1. We recall that any function f & B must have lower order at least 1/2 and 
that no function f E B oi finite (upper) order can satisfy (|c]) by [RRRS]. 

Remark 2. The condition on the growth of / implies that J{f) has Hausdorff dimension 
equal to two |BKS] . 

Our second application strengthens a counterexample from |RRSj . 

1.11. Theorem (Slowly escaping Devaney hairs). There exists a disjoint-type transcen- 
dental entire function f E B such that 

(a) f(R) C M and J{f) n M = [a, oo) for some a > 0; 
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(b) every connected component of J{f) is an arc connecting some finite endpoint to 
infinity, and [a, oo) is such a component; 

(c) every x > a belongs to the escaping set 

/(/) = {zeC: r{z) oo}; 

(d) the real axis does not intersect the fast escaping set 

A{f) = {ze I{f) : \r^\z)\ > M'^{f,R) for all n and some k} 
(where R> is sufficiently large). 



We also note that the same construction as in the proof of Theorem |1 .4 with different 



parameters, suggests a counterexample to the area conjecture of Epstein and Eremenko. 
However, while this construction yields a counterexample in the class of model functions, 
our approximation result does not allow us to construcy such a counterexample in the 
class B. This application and its background will be discussed in |ER] . 



Some remarks about the proof. As already mentioned, the proof of Theorem 1.7 
uses Cauchy integrals. More precisely, let 7 : (—00, 00) — )■ T be defined by 

7(t) := ^-\tt-mog^\t\ + l) 

and consider the function 

, , , If 9(C) 

We will show that the integral converges absolutely for z ^ 7 and that 

h{z) = 0'^ 

as 2; — 7- 00. It then follows that 



h{z) + g{z) zeT 
h{z) z^f 



is an entire function with the desired properties. 

We should comment that the constant 14 appearing in the definition of H is not best 
possible: Our proof shows that it can be replaced by any constant that is larger than 13, 
and with some more careful estimates, it could be reduced further. However, our proof 



does not yield the analog of Theorem 1.7 for a domain of the form 



H := {x + iy : X > -e\og_^ \y\}, 



where e > is arbitrarily small. 



We also note that, for the application in Theorem 1.4, it is important that the domain 



H is of the form as above (compare Remark 1 after the proof of Theorem 7.6): e.g. it 



would not be sufficient to be able to approximate functions \E' : T — )■ if, where 



H = {x + iy : X > —\y\^}- 
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Structure of the article. The first part of the paper deals with approximation and 
the proof of Theorem L7 In Section |2j we prove a technical result about the approxima- 



tion of holomorphic functions using Cauchy integrals. (This covers a number of known 
constructions.) In Section [sj we collect some basic facts about hyperbolic geometry in 
plane domains; these are used in Section |4] to prove Theorem L7 in a slightly more 



general framework, using the results from Section |2} The short Section [5] is dedicated 
to verifying that our hypotheses in Theorem |1.7| indeed satisfy the assumptions used in 
Section HI 

The second part of the paper consists of Section |6| which establishes the results on 
quasiconformal equivalence and conjugacy. 

Finally, Section [7] constructs the model function required for the proof of Theorem 
1.4 , while Section [8] briefly discusses Theorems 1.10| and 1.11 



We remark that the three parts of the paper can be read quite independently of each 
other (with the exception that the hyperbolic metric estimates of Section |3] will be used 
throughout). 

Acknowledgments. 1 owe great thanks to Alexandre Eremenko, who introduced me 
to the method of approximation via Cauchy integrals by pointing me to the paper 
|GE] . and who has shared many profound insights on this and related problems. I 
would also like to thank Adam Epstein, who led me to think about the area conjecture 



and to discover the basic structure of the example in Theorem 1.4, and Peter Hazard, 
stimulating conversations with whom resulted in the realization that this example could 
be adapted to yield functions with full hyperbolic dimension. Finally, I would like to 
thank Chris Bishop, Helena Mihaljevic-Brandt, Phil Rippon, Gwyneth Stallard and 
Mariusz Urbahski for interesting discussions about this work. 

Basic notation. As usual, we denote by C the complex plane. We also denote the 
right half plane by 

m:= {a + ib:a>0,beR} 
and the (Euclidean) disk of radius r around a point zq ^ C hj 

Br{zo) := {z e C : \z - Zo\ < r}. 

Euclidean distance is denoted dist; e.g. dist{A, zq) is the Euclidean distance between a 
set y4 C C and the point zq. 

As mentioned above, we set log_,_(t) := max(0, log(t)) for t > 0. We also define 

1^1+ := max(|z|, 1) = exp(log_,_ \z\) 

for all z E C 

If / : C — 7- C is a transcendental entire function, we denote by sing(/^^) its set 
of critical and asymptotic values. (Here a is an asymptotic value if there is a curve 
7 : [0, oo) —7- C with •yit) — )■ oo and fijit)) — )■ a for t — )• oo.) The closure of sing(/~^) 
(in C) is denoted S{f) := sing(/~^). An alternative definition of S{f), which is the one 
we will be using, is as the smallest closed set that has the property that 

f:C\r\S{f))^C\S{f) 

is a covering map. 
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2. Approximation using Cauchy integrals 

In this section, we prove a general technical result about the approximation of holo- 
morphic functions by Cauchy integrals, which will later be used to deduce our main 
approximation theorem. 

2.1. Theorem. Let T G C be a simply- connected domain and let g : T C be holo- 
morphic. Let 7 : (—00, 00) T be an injective and piecewise smooth curve such that 
\'j{t)\ — 7- 00 as |t| — )■ 00, and let T G T be the component 0/ C \ 7 that is contained in 
T. We assume that 7 runs around T in clockwise direction. 

Suppose furthermore that there are constants Ci, . . . , C5 > 1 and 61,62 > such that 
the following hold for all r gM. (recall that |r|+ = max(|r, 

(a) |7(r)|<C7i.|r| + , 

(b) |y(r)|<C2-|r|t\ 



(c) \gh{T))\<Cs-\T\-^'^''^''\ and 

(d) if 1^ -7(r)| < \t\-^''/Ca, then z gT and \g{z)\ < C5 ■ |r 



Then 



(2.1) Mz) := -L 1 1(0 ,c 

2m J^Q- z 

defines a holomorphic function for z ^ 7, and 

'h{z)+g{z) zgT 



h{z) z^T 



extends to an entire function / : C — )■ C. 

Furthermore, there is a constant Cq such that 



\h{z)\ < 

\^\ + 

where Cq depends only on Ci, . . . ,0^; more precisely, Cq = 0{Ci ■ C2 ■ C3 ■ C4 ■ C5 
Proof. We have 

hence 

P POO 

(2.2) / \g{0\\dC\= / \9{l{r))\-W{T)\dT 



/OO 1 
|r|;2+^^ rfr = 2 • C2 ■ C3 ■ (1 + < 4 • C2 ■ C3. 



This implies that the integral in (2.1) is absolutely convergent and defines a holomorphic 
function h onC\'~f. If Zo G 7, then we can modify the curve 7 slightly to avoid the point 
zq, and thus see that the restriction of /i to T has an analytic extension to a neighborhood 
of Zq] the same is true for the restriction h\^^^. Using the residue theorem, we see that 

the two extensions differ exactly by the function g{z) in a neighborhood of zo, which 
shows that the function / defined in the statement of the theorem does indeed extend 
to an entire function. (Compare also |RRRSt Claim 2 in Section 7].) 
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Thus it remains to prove that \h{z)\ = 0{l/\z\+). The main problem is to estimate 
h{z) when z is close to some point 7(ro). In this case, we will modify 7 to a curve 7^ 
that avoids the disk Z^t-q of radius S{tq) := |ro|+'^^/C4 around 7(ro). 

More precisely, let 2; G C \ 7. If |7(t) — z\ > 6{t)/2 for all r G M, then we set 7^ := 7. 
Otherwise choose tq with |7(ro) — z\ < 5{tq)/2 such that |ro| is minimal. Let ti and T2 
be the smallest, respectively largest, values of r for which 7(r) G dD^-^, and set 

7^ := 7((-oo,T-i)) UaU7([r2,oo)), 

where a is an arc of ODtq chosen such that 7^ is homotopic to 7 in C \ {z}. 
We then have 



2711 J^z C — z 

Hence 

(2.3) 27r\hiz)\< [ MQl-\dC\+ [ j^\dC\. 



To estimate the first integral, we bound |to|+ from below in terms of \z\^. We have 

T"o) ^ ko| + 

2 ~ 2Ca 



(2.4) |7(ro) - .1 < ^ = < 1 



Thus \z\^ < 2|7(ro)| + , and hence, by (|a]), 

(o ^\ 1^ I ^ I7(t-o)|+ . k 
(2-5) |ro|+ > — > 



Ci - 2Ci 

So, by choice of Dr^ and (|d]), we can bound the first integral from (2.3): 



(2.g) / 1^(01 MCI < /• ^5 MCI < 2vrC^ < 47rC^^ 



IC - z\ Jgn |ro|+(5(ro) |ro| 



Now we turn to estimating the second integral in (2.3). If C = li'^) ^ 7^ \ ^rg, then 
we have |C ~ -^l > '^(to)/2. Using the definition of tq and monotonicity of the function 
\t\ i-t- 6{t), we see that 

. ^ , . ^ , 1 



This estimate, together with (2.2), would be sufficient to prove that the integral in 
question, and hence h{z), is bounded. In order to obtain the stronger fact that h{z) = 
0{l/z), we subdivide the remaining part of the curve once more. (We note that this 
stronger bound is not required for the applications that we have in mind.) 

Define G := max ^1, j • For r < B, we then have 

hir)\ < Ci • |r|+ < ■ e = max =: R- 

We use this to estimate the integral over the curve 

7i :=7^n7([-e,e]). 
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The idea is that |C ~ -^l is (at least) comparable to \z\+ for all points Q on this curve. 
Indeed, suppose that \z\j^ < 2Ci. Then 6 = 1, and hence, by (2.7), 

1 1 \z\. 



(2 



> 



2^46^2 2C4 4C1C4 

If \z\+ > 2Ci, then \(\ < R = \z\+/2, hence again |C - ^| > \z\+/2 > \z\+/ (ACiC^). 
Thus, using (2.2): 

(2.9) / #^KI<^ / 1^(01 Kl 



7f 



IC 



< 



4C1C4 



7f 



\9iC)\\dC\< 



16C1C2C3C4 



It remains to deal with the part of the curve given by 

72^:=7\(^U7([-e,e])). 
We use (2.7), as well as (|b]) and (|c]) to obtain 

1^(01 



(2.10) 



75 



■MCI < 



'|r|>e 
< 4 ■ C2 ■ C3 ■ C4 • 



2C,\T\'--\g{j{T))\-W{T)\\dT\ 



e 



4 ■ a ■ C3 ■ a ■ / dr = 4C2C3C4e-^ < 



8C1C2C3C4 



e 



1^1 + 



Combining the estimates (2.6), (2.9) and (2.10), the proof is complete. 



The following proposition shows that any function approximating a universal covering 
must itself have a logarithmic singularity over infinity. 

2.2. Proposition. Let \E' : T — )■ EI &e a model function, and set g := expo\['. Suppose 
that / : T — 7- C \ {0} is a holomorphic function with \f{z) — g{z)\ < M for some M > 
and all z eT . Define 

r ■.= {zeT:\f{z)\>2M]. 

Then T' is a simply- connected domain and f : T' ^ {\z\ > 2M} is a universal covering 
map. 

Proof. Let us set T" := {z E T : \g{z)\ > M}. Then T" is simply-connected, \ f{z)\ > 
for all z G T" and T' C T". It follows from the minimum principle that T' is simply- 
connected. We can define a branch F : T' — )■ EI of log /. By continuity, we have 
lie F{z) — )■ log(2M) as z tends to a point in the boundary of T' (in C). We claim that 
|F(2;)| — )■ 00 as z — )■ 00. Indeed, by assumption we have, for all z e T', 

1/(^)1 



ReF U - Re^ U 



log 



< log 2. 



Furthermore, the argument of f{z) and g{z) differs by less than tt, and hence | Im F{z) — 
Im\E'(2;)| is contained in the union 



|J((2A:- l)7r,(2A: + l)7r). 
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Since T' is connected, it follows that 

I lmF{z) - lm^{z)\ < {2k + 1)tt 

for some A; G Z. Hence 

\F{z)-^{z)\ < K 

for a suitable constant i^' > 0, which proves our claim that — ?■ oo as 2; — t- 00. 

So F is a proper map, and hence has some well-defined degree d. F extends to a 
degree d map from the boundary of T' (in the Riemann sphere) to {Rez = log(2M)} U 
{00}. Since 00 only has one preimage, it follows that d = 1. Thus F is a conformal 
isomorphism, and / = exp oF is a universal covering map, as claimed. ■ 

Before proving our main approximation result in Section 111 let us note that Theorem 



2.1 includes the examples from jPSj and jSl] . 
2.3. Corollary. Let p > and set 

51 := {x + iy : X > and \y\ < vr}, and 

52 ■■= {x + iy: \y\ < 7ix/[{l + p)ilog{x)Y], x > 3}. 

Also set 

gi{z) ■= e'^ and g2{z) := exp(e('°s")'^') 

(where gi is defined on C, and g2 on C\ (— 00, 1]/ Let be the boundary of Sj, described 
in clockwise direction. Then 

extends to an entire function fj : C — )■ C. Furthermore, fj G B and 

'' [0(1/2;) otherwise 

as z ^ 00. 

Proof. It is easy to see that the parametrizations of 71 and 72 by arc-length satisfy the 



assumptions of Theorem 2.1 , say with Si = 82 = 0, and T being the domain of definition 



of gj. Hence fj{z) is indeed defined and extends to an entire function with the stated 



asymptotics. The fact that fj belongs to the class B follows from Proposition 2.2 

3. The hyperbolic metric of simply-connected domains 

We frequently use the hyperbolic metric in a domain U G C that omits more than 
two points. (For an introduction to the hyperbolic metric, see e.g. |BMj .) We denote 
distance with respect to this metric by dist;/, and the density of the metric by pu- That 
is, ^ 

distf/(2;, w) = inf / |7'(t) \puil{t)) dt, 
T Jo 

where the infimum is taken over all curves 7 : [0, 1] — > f/ with 7(0) = z and 7(1) = w. 
We shall routinely use a number of standard facts about the hyperbolic metric. 

3.1. Proposition (Properties of the hyperbolic metric). 
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(a) The hyperbolic metric in the right half plane M is given by pn = In particular, 
distH(l, x) = logx for x > 1 and diste(x, x + ix) < 1 for every x > 0. 

(b) In the strip S = {|Im2;| < n}, we have dists{z,w) > {Kez — Reiy|/2 for all 
z,w E S. 

(c) IfVcW, then pv{z) > pw{z) for all z eV. 

(d) If V^W (Z C are hyperbolic and f : V ^ W is a conformal isomorphism, then f 
is a hyperbolic isometry; i.e. pv{z) = \ f'{z)\ ■ pw{f{z)). 

(e) If V C C is simply connected, then 1/(2 dist(2;, 9V^)) < pv{z) < 2/dist(2,9K) 
for all z & V . 

Let us make two more simple observations about the hyperbolic metric in simply- 
connected domains. 

3.2. Lemma (Hyperbolic distance and Euclidean distance). Let V G C be a simply- 
connected domain, and let z,w E V. Then 

I f \z — w\ 
distW.,^)>-log^l + ^^^^^^ 

Proof. Set 6 := dist{z,dV). Let 7 : [0,T] — V" be a curve connecting z and w, 
parametrized by Euclidean arc-length. So T > dist(z, w). Then we have dist(7(t), dV) < 
5 + t. Thus, by Proposition 3.1 (lei), 



= i(log(i + T)-logW) = ilog (l + j 

3.3. Lemma (Bounded hyperbolic diameter of Euclidean disks). Let V G C be a simply- 
connected domain, let zq E V and let A G (0,2]. Define 6 := A ■ dist{zo,dV)/4:. 
If z E V with \z — zo\ < 6, then distv/(2;, zq) < A. 

Proof. Set d := \z — Zq\ and let j : [0,d] ^ V be the straight line segment connecting Zq 
and z, parametrized by arc-length. Then 



and thus, again using Proposition 3.1 



distv{z,Zo)< I pv{l{t))dt< [ = ,f "^OTM ^ ^- 







dist(2o,5V^) dist(zo,5^) 



Finally, we will on occasion use the following version of the Ahlfors distortion theorem 
O Corollary to Theorem 4.8]. 

3.4. Theorem (Ahlfors distortion theorem). Let V G C be a simply connected domain, 
and let z,w E V with a := Re 2; < Re 2; =: b. Let az, cr^ G V be the maximal vertical line 
segments passing through z resp. w. 

Set S = {a -\- ib : \b\ < n}, and let (f : V ^ S be a conformal isomorphism such that 
<f{(Jz) and (f{crw) both separate —00 from +00 in S (i.e., they connect the upper and 
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lower boundaries of the strip S), and such that (p{(Tz) separates (p{aw) from — oo (i.e., 
(p{crz) is to the left of {p{aw) in S). 

For aleqx < b, let 'd{x) denote the shortest length of a vertical line segment at real 
part w that separates z from w in V . 

If Jl^dx/^{x) > 1/2, then 

dx 

ip{b)-ip{a)>2n J — -21og32. 

We also note the following fact, which is closely related to the distortion theorem: 

3.5. Lemma. Let V be a simply- connected domain that is symmetric with respect to the 
real axis. Let 71 and 72 be two cross-cuts of V that are symmetric with respect to the 
real axis, with 71 fl 72 = 0, and suppose that the quadrilateral Q bounded by 71 and 72 in 
V has modulus at least 1/2. (Le., the extremal length of the family of curves connecting 
71 and 72 in V is at least 1/2.) 

Then Q contains a geodesic of V that is symmetric with respect to the real axis. 

Proof. Let 5* denote the strip {a -\- ib : \b\ < n} and let if : V ^ S he a. conformal 
isomorphism that takes Mfl to the real axis. Set Q := y:>{Q); then Q is a quadrilateral 
in S, symmetric with respect to the real axis, of modulus at least 1/2. We must show 
that Q contains a vertical segment connecting the two boundary components of S. 

The exponential map takes Q to an annulus of modulus at least 1/2, slit along an 
interval of the positive real axis, which separates from 00. By Teichmiiller's modulus 
theorem jXl Theorem 4-7], the closure of this annulus contains a round circle centered 
at the origin, which completes the proof. ■ 

4. Approximation of model functions 



We now turn to proving Theorem L7 As already mentioned, this result is "best" 
possible with our method, in the sense that the domain H is chosen as close to a right half 
plane as possible while still guaranteeing convergence of the Cauchy integral. However, 
sometimes it is convenient to use other image domains, e.g. because it might be possible 
to write down an explicit mapping function for these. We will therefore work in a 
somewhat more general setting. In particular, we recover the results of |RRRSj as a 
special case. 

4.1. Standing Assumption (Assumption on H and 7). 

C C is a simply connected domain containing the right half plane H. Furthermore, 

a : (—00, 00) —7- H 

is a piecewise smooth injective curve for which there exist positive constants Ai, A2, A3, 
A4 and A with Ai,A4 > 1 such that, for all t G M: 

(a) Rea(t) < -13 log+(t) + log Ai. 

(b) < A2. (If t belongs to the discrete set where a is not different iable, this 
means that both the left and right derivatives are bounded by A2.) 

(c) disti^(a;(t), 1 -\- it) < A^. (Recall that distj^ denotes the hyperbolic distance in 
H.) 
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(d) If C G ^ with distH(a(t),C) < A, then ReC < -41og+ |t| + \0gA4. 
We refer to the pair of H and a as the initial configuration. The bounds below will 
depend on this initial choice. 

Remark 1. The final two conditions may seem somewhat technical. Roughly, they mean 
that the curve a stays within a comparable distance from both OH and the line {Re C, = 
1}; compare Section Isl 



Remark 2. It is not difficult to see that the choice 

H := {x + iy : X > — 141og^ \y\} 



used in the statement of Theorem 11.71 and the curve 

a{t) := zt- 131og+ \t\ + 1 
satisfy our standing assumption. For completeness, we provide the argument in Section 

E 

Remark 3. In applications, the domain H and the curve a will be fixed, so dependence 
on the initial configuration will not usually be important. However, we note that our 
bounds will depend only on the constants Ai to ^4 and A, but not otherwise on a and 
H. 

4.2. Standing Assumption (Model function). 
Furthermore, 

^ : T ^ if 



is a model function in the sense of Definition 1.6 (where H is the domain from Standing 
Assumption |4.1[ ). We additionally assume, by way of normalization, that that 1 G T, 
e dT, dist(l, dT) = and ^(1) = 1. 

Let be a component of exp~^(T) and let G : V H he the conformal isomorphism 
G := ^ o exp. We also set g := exp o\['. Note that we have g o exp = exp oG. 

Finally, we set /3 := G~^ o a and 7 := exp of] = vlf"^ o a. Let T be the component of 
C \ 7 that is contained in T. 



We will now show that (under these assumptions), we can apply Theorem 2.1 to T 
and a reparametrization of 7. 

4.3. Lemma (Growth and distance to boundary). There are constants Mi and M2, 
depending only on the initial configuration, such that 

\l{t)\ < Ml ■ \t\X and dist(7(t), 9T) > M2 ■ 

for all t e R. 

Proof. We set C := + 1. Using the fact that hyperbolic distances in H are smaller 
than those in the half plane EI (recall Proposition 3.1), we see that 

distj^ (1, a{t)) < distH(l, |t|+) + distH(|t|+, + ti) 

+ distH(|t|+ + ti,l + ti) + dist//(l + ti, a{t)) 
< log, \t\ + 1 + log, 1^1+^3 = C + 21og, \t\. 
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We now use the Ahlfors distortion theorem, Theorem 3^, to deduce the desired es- 
timate. Let (Ti be the maximal vertical line segment in V containing = G~^{1), and 
let (72 be the maximal vertical line segment containing /3(t). Set S = {a + ib : \b\ < tt} 
and let ip : V ^ S he a. conformal isomorphism such that Reip{0) = 0, such that (p{<7i) 
and (p{<J2) both connect the upper and lower boundaries of S, and such that (p{a2) is 
to the right of (p{cri). This is always possible: pick two prime ends Ci and C2 (if V is 
a Jordan domain, this simply means picking two points on dV) such that ai separates 
^1 from (72 and (72 separates Ui from (2- We then choose (p such that ip{cri) = —00 and 

Recall that V does not intersect its own translates by integer multiples of 27ri, and 
hence does not contain any vertical segments of height greater than 27r. If Re > vr, 
then Theorem 3.4 and Proposition 3.1 (|b]) imply that 

2dist5(¥^(0),^(/3(t))) > |</.(/3(t))-^(0)| >Re/3(t)-D, 

where D = 2 log 32 is a universal constant. Thus 

ReP{t) < max(7r,D + 2C)+41og+|t|. 

Recalling that jit) = exp(/3(t)), the first claim is proved. 

Similarly, we can estimate dist(7(t), c^T), using Lemma 3.2, Indeed, set z := 7(t) and 
6 := dist(2, dT). Recall that dist(l, dT) = 1, so I2; — 1| > 1 — 5, and hence 

C + 2 log+ \t\ > distH(l, a{t)) = distT(l, z)>^ log M + j > ^ log ^ 



by Lemma 3.2, Exponentiating this inequality and rearranging, we see that 

5>(|t|+)-^-exp(-2C), 

as desired. ■ 

4.4. Corollary. There is a constant M3, depending only on the initial configuration, 
such that 

W{t)\<Ms-\t\l 

for all t e R. 

Furthermore, there is a constant M4, depending only on the initial configuration, with 
the following property. // 1 G M and 2; G C with 

\z - -f{t)\ < ■ \t\-\ 

then z and \g{z)\ < A4 ■ 
Proof. We have 

|y(t)| = |a'(t)|-|(G-^)'(aW)|-exp(Re/3(t)). 
The first term is bounded by our standing assumption that < ^2- To estimate 

the second term, we use hyperbolic geometry: G is a conformal isomorphism and V and 
H are both simply connected, so 

PhW)) ^ , dist(/3(t), 9V) 



PviPit)) - dist{a{t),dH)' 

Since exp|v is injective, we have dist{z,dV) < tt for all z & V. We also note that 
dist(a(t), dH) > 1/D ioi some constant D that depends only on A3. Indeed, if Re a (t) > 
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1/2, there is nothing to prove (since EI C H). Otherwise, we have dist(Q;(t), 1 + it) > 1/2 



and disti^(a(t), 1 + it) < A^, and the claim follows from Lemma 3.2 
Finally, 

exp(Re/3(t)) = |7(t)| < Mi ■ \t\l 
by Lemma 4.3, Combining these estimates, we see that 

|7'(t)| <Att-A2-D-Mi - \t\l. 



To prove the second claim, let us assume without loss of generality that A < 2 and 



set 



Ma :-- 



Mo- A 



Suppose that t G M and z E C are as in the claim; then 



\z--f{t)\ < M4 ■ |t| 



A 



• Mo ■ \t\l^ < 



A 



dist(7(t),(9T) 



by Lemma [4l3 Hence we can apply Lemma 3.3 to see that distT{z,'y{t)) < A, and thus 
disti^(\E'(z), < A. By the standing assumption, it follows that 

exp(Re^(2)) < ■ ■ 



We now ready to apply Theorem 2A to conclude: 
4.5. Corollary (Approximation by entire functions). In the setting of Standing Assump- 



tion 



4-1, let^ -.T H he any model function. Define g{z) := exp(^(z)), 7 := ^ oa 
and Zq := "^^^{1) . Then 



h{z) 



1 

2Txi 



9(0 



dC 



defines a holomorphic function for -2^7. This function satisfies 
\h{z)\<M5 and \h{z)\ < max{\zo\ + ,dist{zo,dT)) 



Me 



for all z. Here the constants M5 and Mg depend only on the initial configuration. 
Furthermore, 

'h{z)+g{z) zef 
h{z) z^f 



extends to an entire function / : C — t- C with S{f) C ©21/5(0). 



Proof. Let us first assume that T and \E' are normalized as in Standing Assumption 4.2 
i.e., e dT, dist(l,aT) = 1 and ^(1) = 1. 

We reparametrize the curve 7 by the substitution 

't^ 



T :- 



t 



t > 1 
\t\ < 1 
-t^ t < -1. 



By Lemma 4.3 and Corollary 4.4 we have 



(a) |7(r)| <Mi-|r| + ; 



(b) \d^{T)/dT\ 



-3/4 
+ 



< Ma 
— 4 



1/4. 

+ 1 
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(c) |^(7(r))| =exp(Rea(t)) < 



'13 



(d) if |2-7(r)| < M4- |r 



-1 
+ ' 



A,-\t\ 

then z & T and \g{z)\ < A4 
Thus the claims on the convergence and asymptotics of h{z) and the analytic contin- 
uation of f{z) follow from Theorem 2.1 The claim regarding the singular values of / 



follows from Proposition 2.2 



For general T and we normalize and apply the case that was just established. More 
precisely, set zo := and let a G dT be a point whose distance to zq is minimal; 

define a := zq — a. Then the function 



\1> (az + a) 



satisfies Standing Assymption 

h{z) 

where 7(t) 



4.2 



Let h be the corresponding function 



1 

27ri 



^(0 



{■j{t) — a)/a. As we have just seen 

z — a 



dC, = h{az + a) 



\hiz)\ 



h 



a 



< 



\{z — a) / a\ 



for a constant M5 depending only on the initial configuration. It is elementary to verify 
that 

' z — a 



a 



> 





z 


+ 


2max( a 


+ 5 


a 


+) 



(E.g., distinguish between the cases 1^1 < 2|a|-| 

M5 



\h{z)\ < 2max(|a 



+ ) 



\a\ 



and l^l > 2\a 
< 4 max(|2;o 



+ ) 



l«l) 



Hence 

Ms 



as desired. 



4.6. Remark (Dependence of the bounds in Theorem 1.7). 

In the next section, we shall carry out the simple verification that the choice of H and 
7 from Theorem 1.7 satisfies Standing Assumption 4.1 Hence Corollary 4.5 implies the 
theorem. 

In particular, we note that the approximating function / from Theorem 1.7 satisfies 
1/(2)1 < M outside T and 1/(2;) — g{z)\ < M in T, where M = M5 is a universal 
constant. This fact will be used in the second part of the paper. 

5. Valid initial configurations 

5.1. Proposition. Let p : M — [0, 00) be a continuous function that is increasing on 
[0,00) and decreasing on (— oo,0]. Set 

H ■={z eC:Rez> -p{lmz)}. 

Suppose that 

a : (—00, 00) — 7- H 

is a piecewise smooth injective curve such that ^ and ^ of Standing Assumption 4-1 
are satisfied. If furthermore Ima(t) = t for all t eM. and 

c- |Rea(t)| < dist{a{t),dH) < C\Rea{t)\ 
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when \t\ is sufficiently large, where c and C are positive constants, then Standing As- 
sumption \4.1\ is satisfied. 



Proof. Observe first that, if ai, 02, & G M are sucli tliat —p{b) < ai < 02, tlien 

dist(ai + bi, OH) < dist(a2 + bi, dH). 

Now let t G M; by ([a|) of Standing Assumption 4.1 we may assume tliat \t\ is sufficiently 
large that Rea(t) < —1. Then 

^l-Rea(t) /.l-Rea(t) 2 dx 



disti^(a(t), 1 + it) < / pH{ot{t) + x)dx < 

Jo Jo 



dist{a{t),dH) 



l-Rea(t) 4 

< 2 — < -. 

~ c ■ I ReQ;(t)| ~ c 

So requirement ([c]) holds when |t| is large enough. 

Finally, let A > 0. Then by Lemma 3.2, the hyperbolic disk of radius A around a{t) 
is contained in the Euclidean disk around a{t) of radius 

(e^^ - 1) ■dist{a{t),dH). 

On the other hand, we have 

-Rea(t) > 131og+ \t\ -logAi > 81og^ \t\, 
provided |t| is sufficiently large, and hence 

-Rea(t) -41og, |t| > -Rea{t)/2 > ^'^'(f^^H) ^ 

So if we choose A := log(l + l/(4C))/2, we have 

ReC < -41og+ \t\ 

whenever distH^Cilif)) < ^ (still under the assumption that t is sufficiently large). 
Hence requirement (|d]) also holds when \t\ is sufficiently large. 

We obtain the requirements for alH G M by choosing and A^ sufficiently large. ■ 

5.2. Corollary (Two valid initial configurations). Set either 

H := {x + iy : X > —lA\ogj^\y\} and 
a{t) := it - 131og+ |t| + 1 

or 

H := {x + iy : X > —2M ■ \y\} and 
a{t) := it - M\t\ + 1 

(where M > is a constant). 

Then H and a satisfy the conditions of Standing A s sumption \4.1 



Proof. By the previous proposition, we only need to check (|a]) and (|b]). The first of these 
is self-evident. The second is also immediate; in the first case we have 



a'it) 



13 

t 



\t\ > 1 
-l<t<l. 
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and in the second 



a'{t)^i-M ■ sign(i). 



6. QUASICONFORMAL EQUIVALENCE AND CONJUGACY 

We begin with a simple lemma on obtaining a quasiconformal map on a vertical strip 
that extrapolates between the identity on one boundary and a map that is not too far 
from the identity on the other. 

6.1. Lemma. Let R> 0, and let t : M. ^ C be a differentiable function with the property 
that there is r) < 1/2 with |r'(t)| < r] and \T{t)\ < TjR for all i e R. 

Let S denote the strip {a -\- ih : Q < a < R}. Then there is a quasiconformal map '&, 
defined on S, such that '&{it) — it and 

^{R + it) ^ R + it + T{t) 

for all t e R. 

Furthermore, the complex dilatation /i^ — {d'd / dz) / {d'd / dz) is hounded by rj/{l — rj) 
almost everywhere. 

Proof. The map d is defined simply by linear interpolation along horizontal line seg- 
ments: 

Re z 

(6.1) d{z):^z+^-T{lni{z)). 



R 



This map satisfies the required boundary conditions. Clearly -& is injective when re- 
stricted to a fixed horizontal line segment {z S : \m.z = t}, and this line segment is 
mapped to the straight segment Lt that connects it and R + it + r{t). In order to prove 
that is a homeomorphism onto its image, we must show that no two of these image 
line segments intersect. 

This follows from the assumptions on r. Indeed, let to ^ From \r{tQ)\/R <r) < 1/2, 
we see that the line segment Lt^ is sloped at an angle strictly between — 7r/4 and 7r/4. 
On the other hand, from |r'| < r/ < 1/2 we see that the argument of the derivative 

d^{R + it) 



dt 



^i + T'{t) 



lies strictly between 7r/4 and 37r/4. This implies that, for t > Iq, the point -d^R + it) lies 
above the line through it and R + it, and for t < to it lies below this line. Hence the line 
segments Lt and L^,, do not intersect for t 7^ to- 

So it remains to estimate the complex dilatation of 'd. If we set h{z) := •r(Im(2;)), 
then we have 

d'd dh , d'd dh 

1 + 



dz 



dz 



and 



dz dz' 



Furthermore, writing z 



X 



iy, we have h{z) = riy) ■ xjR, and hence 



Ox 



R 



Thus 



dh{z) 
dz 



dh{z) 
dz 



and 



< 



dh{z) 
dy 

\r{y)\ 

R 



X 

R 



r'{y). 



+ \t' 



< rj. 
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Hence we have seen that 



d-d 



dz 



> 1 — rj and 



dz 



< 7]. 



It follows that i) is quasiconformal and satisfies the stated bound on its dilatation. 



As in |R2j . it will be useful to work in logarithmic coordinates when proving our 
equivalence and conjugacy statements. Hence we shall initially state our results for the 
following class of functions introduced in \R2\ IRRRSj . 



6.2. Definition (The class Bf^^). 
A holomorphic function 

is said to belong to the class Bf^^ if 

(A) if is a 27ri-periodic unbounded Jordan domain that contains a right half-plane. 

(B) V 7^ is 27rz-periodic and Re z is bounded from below in V. 

(C) F is 27ri-periodic. 

(D) Each component T of V is an unbounded Jordan domain that is disjoint from all 
its 27r?Z-translates. For each such T, the restriction F : T — > is a conformal 
isomorphism with F{oo) = oo. (T is called a tract of F; we denote the inverse of 
F\t by F^\) 

(E) The components of V accumulate only at oo; i.e., if z„ G V is a sequence of points 
no two of which belong to the same component of V, then z„ — )■ oo. 



Remark 1. In [R2], the class of functions described in Definition 6.2 is simply called 
Slog, while in [RRRSJ, that notation is used for the larger set obtained by omitting 
the periodicity requirement ([C]). Subsequent papers such as |RRSj followed the latter 
convention, hence we use Bf^^ for the class above. 

Remark. Let f & B and let i? > be sufficiently large to ensure that Dii;(0) contains the 
set 5(/)U{0}U{/(0)}. Set W := C\Br{0), H := exp-\W) = {z E C : Re z > logR} 
and V := exp^^{f~^{W)). Then every component V of V is a Jordan domain whose 
boundary passes through infinity, and / o exp : V ^ W is a universal covering. Hence 
we can define a function F : V ^ H that belongs to Bf^^ and satisfies exp oF = f o exp. 
Such a function is called a logarithmic transform of f (or "/ in logarithmic coordinates"); 
this is the motivation for the definition of Bf^^. 

In the introduction, we stated our results only for functions with a single tract. How- 
ever, the equivalence and conjugacy results in this section actually hold for functions in 
the class Bf^^ that are sufficiently close to each other, even if there are infinitely many 
tracts. The key statement is about quasiconformal equivalence: 

6.3. Theorem (QC equivalence in the class Bf^^). Suppose that G : Vg — ?■ EI and 

F : Vf ^ H belong to the class Bf^^, and that there is a constant M > with 

Vg D Vf D {G~\z) ■.Rez> M} 
and \F{z) - G{z)\ < M for all z e Vf- 
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Then for every R > 4(M + 27r), there exists a quasiconformal map $ : C — C, 
commuting with translation by 2ni, such that 

F($(^)) = G{z) whenever Re G{z) > R. 

Moreover, the complex dilatation /x^ of \1/ satisfies 

<4 - — 

for almost all z E C 

Furthermore, ^{z) = z when z ^Vg and when z G Vg with R.eG{z) < R/2, and 

\^{z) -z\< sup{|F(C) - ^(01 ■.\C-z\<K}<M 

otherwise, where K = 2tt ■ {1 + log 2) is a universal constant. 

Proof. We begin with a simple observation regarding the structure of H and Vp- 

Claim. The range H of F contains the half plane {2; G EI : Re 2; > 2M}. Furthermore, if 
is a component of Vg, there is a unique component V of contained in V. 

Proof. Let \^ be a component of Vg- Then, by assumption, there is a component V of 
Vp that contains the connected set Gy^{{Rez > M}), and this component is contained 
in V. Now Re G is bounded on \ V^, and hence Re F is bounded on {V fl V^) \ V. 
Since Re F is unbounded on every connected component of V^, we have seen that indeed 

v = vnVF- 

Furthermore, let 2 G EI with Re 2; > 2M and consider the circle G of radius M around 
z. Then G\y^{G) is a simple closed curve in V, and it follows from the assumption that 
its image under F winds once around z. Since H is simply-connected, it follows that 
z E H a.s claimed. A 

Claim. Let V and V be as above. Then there is a quasiconformal map (fy : EI — )■ EI with 
ipv{z) = z when Rez < R/2 and fvi^) = G{F\^^{z)) when Rez > R. Furthermore, 
the complex dilatation of ipv is bounded by AM / R < 1. 



Proof. We construct this map using Lemma 6.1, Indeed, set h{z) := G{F~^{z)) — z. 
Then \h{z)\ < M for all z G Vp- Furthermore, if z G EI with R.e z > R, then the domain 
of h contains the disk of radius R — 2M > R/2. Hence by the Cauchy inequaliy, we see 
that 

\h'{z)\ < — . 

Thus, if we set r(t) := h{it + R), we have 

, ,/ M 2M 1 , 2|r(t)| 2M 1 

h it) < < - and -^-^ < < - 

'^^'-i? 2 R - R 2 

for all t. Hence we can apply Lemma 6T to obtain a quasiconformal map ?9 on the strip 

between real parts R/2 and R, such that i) is the identity on the left boundary of the 

strip and agrees with G{F~^(z)) = z + t{z) on the right boundary. Hence 

{z if Re z < R/2 

^{z) if R/2 <Rez < R 

G{F~\z)) ifRez>R 
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is the desired quasiconformal homeomorphism. (Note that the map is quasiconformal 
near points with real parts equal to i? or -R/2, since a straight line is quasiconformally 



removable.) The bound on the dilatation also follows from Lemma 6.1 A 

Now let z E C If z ^ Vg, then we define $(z) := z. Otherwise, let V be the 
component of Vg containing z and define 

<l>{z) := Gy\MG{z))). 

Then $ : C — )■ C is a homeomorphism. Furthermore, $ is quasiconformal on Vg and 
agrees with the identity outside this set. Hence, the map is quasiconformal everywhere 
by Royden's glueing lemma ( |Be[ Lemma 2], |DH[ Lemma 2]), and satisfies the stated 
dilatation bound. If Re G{z) > R and V is the component of Vg containing z, then 

Fmz))=F{Gy\MGizm=G{z) 

by construction. 

To prove the final statement, we first observe that 

\G'{z)\>l 

whenever lie G{z) > An by jEL2l Lemma 1]. U z eV with ^{z) ^ z, then by construc- 
tion we have ReG{z) > R/2 > Air and, likewise, ReG($(z)) > An. Thus 

\z - $(^)| < \G{z) - G{<!>{z))\ = \G{z) - MG{z))\, 

where V is the component of Vg containing z. 

If IieG{z) > R, let us set u := G{z); otherwise we set u := R + i ■ lm{G{z)). Then 
we have 

\G{z)-MG{z))\<\h{u)\ 



by the definition of ipv, provided we use the formula (6.1) for i.9 from Lemma 6.1 
Writing Zi := F~^{u), we have seen that 

|;.-$(;^)|<|/.M| = |G(^0-i^(^i)|. 

It remains to estimate |z — 2;i|. The hyperbolic distance in EI between G{z) and u is at 
most log 2. Furthermore, the Euclidean distance in EI between u = F{zi) and G{zi) is 
bounded by M. Since Reu > R> 2M, the hyperbolic distance in EI between these two 
points is at most 1. 

So the hyperbolic distance between G{z) and G{zi) is bounded by 1 + log 2, and thus 
the hyperbolic distance in V between z and Zi is also bounded by this constant. Using 
the standard estimate on the hyperbolic metric, and the fact that V does not intersect 
its translates by multiples of 27Ti, we see that indeed 

k - 2i| < 27r ■ (1 + log2). ■ 
Proof of Theorem 1.8[ We can let F,G& Bf be logarithmic transforms of / and g, 



respectively. More precisely, we assume without loss of generality that ^ T and 
set G := o exp, which (suitably restricted) is an element of Bf^^ with domain Vg 
and range Elj^ If we choose fi > sufficiently large, then we can likewise define a map 

^This need not quite be true if the boundary of the domain of ^' is not a Jordan curve, since the 
boundary of the range of ^' has the interval from —i to i in common with H. This problem is easily 
dealt with by first conjugating g hy z i-> e'^ ■ z for some small e > 0. 
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F : Vf ^ {z E M. : Re z > fi} that belongs to the class Bf^^ and satisfies exp oF = /oexp 
and Vf C Vg- Then F and G satisfy the hypotheses of the previous theorem. 

In fact, recall that \f{z) — g{z)\ < C/\z\ for a suitable constant C (provided z is 
sufficiently large). Since the exponential map is expanding on a right half plane, it 
follows that we can choose the logarithmic transform F in such a way that 

(6.2) \F{z)-G{z)\<C -e-^"' 

for all z &Vf- 

Now choose R sufficiently large that we can apply Theorem 6^, and let $ be the 
quasiconformal map obtained from the theorem. Then V9(e^) := e**^^^ defines a quasi- 
conformal map that satisfies g{z) = f{(f{z)) whenever \g{z)\ > e^. To estimate the 
asymptotics of (y9 at oo, observe that 

\<^{z)-z\ <C -e^ -e-^', 

where K is the universal constant from the previous theorem. Let us set w := e^. If 
Re z is sufficiently large, we have 

\w - ^(w)\ = \w\-\l-- 1 < ■ (1 + e^''^*^^)-^)) 

< 2\w\ ■ \^{z) -z\< 2\w\ - C -e^ -e-^"' = 2Ce^. ■ 

6.4. Theorem (QC conjugacy in the class Bf^^). Suppose that F , G, M and R are as 

in Theorem 6^. Suppose furthermore that 

Vg C {z eM:Rez> R}. 

Then there exists a quasiconformal homeomorphism G : C — )■ C, commuting with 
translation by 2m, such that 

Q{G{z)) = F{Q{z)) 

whenever z eVg with ReG{z) > R. 

The complex dilatation fiQ satisfies l/iel < AM/R almost everywhere, and fiQ = 
almost everywhere on the Julia set J{G) = {z eVg '■ G'^{z) e Vg for all n}. 

Furthermore, suppose that \F{z) — G{z) \ — )• uniformly as Rez — )■ oo. Then 

sup 10(2;) - z| -)■ 

2GJq(G) 

as Q 00, where 

Jq(G) = {ze J{G) : ReG^iz) > Q for all j > 0}. 

Proof. This theorem essentially follows from the corresponding results in |R2] . However, 
for completeness we shall sketch the proof, which is not difficult in our case. 



Let $ be the map from Theorem |6.3[ We define a sequence of quasiconformal maps 
$j by $0 := * and 



V 

^(z) otherwise. 



F-:\<^j{G{z))) if z G Vg and ReG{z) > R 



If z G Vg and ReG{z) = R, then G{z) ^ Vg, and hence 

Fz\<!>,{G{z)))=Ff/{G{z)) = <l>{ 
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Hence the maps match up on the boundary, and each $j is a homeomorphism. It follows 
from Royden's glueing lemma that the $j are all quasiconformal, with the same bound 
on the dilatation as $. Furthermore, because all $j agree on C \ Vg, it follows by 
induction that $j and agree on C\G~^ (Vg)- Hence the sequence of maps stabilize 
on the open set C \ J{G). This set is dense in C because G is expanding with respect to 
the hyperbolic metric of EI (compare |R2[ Lemma 2.3]). Together with the compactness 
property of quasiconformal maps, this implies that $j — ?■ O for a quasiconformal map 
G. By construction, Q o G = F o Q whenever z E Vg and Ke z > R. 

Each map $j is conformal on a neighborhood of J{G), implying the statement about 
the dilatation on J{G). 

The last claim follows easily from the fact that G is expanding on Jq{G) and the final 
statement in Theorem 16^ ■ 



Proof of Theorem Assuming po was chosen sufficiently large, we apply Theorem L7 



to obtain a function / approximating g. Recall that \f{z) — g{z)\ < /x on T, where fi > 1 
is a universal constant (Remark 4.6[ ). 



As in the proof of Theorem |1.8| and of Proposition 2^, we can let G : Vg — ^ EI and 



F : Vf ^ {a + ib : a > log(2/i)} be logarithmic transforms of / and g, respectively. 
Furthermore, F can be chosen such that 

\F{z)-G{z)\ < M 

for a universal constant M, and we can assume that M is chosen so large that Vf 3 



{G (z) : Rez > M}. In other words, the hypotheses of Theorem 6.3 are satisfied. 



If Po was chosen sufficiently large, then R := logpo satisfies R > 4(M + 2n), and 



hence we can apply Theorem |6.4| to obtain a conjugacy G between G and F. Defining 
'f9(exp(2;)) := exp{Q{z)) yields the desired conjugacy between g and /. ■ 

6.5. Remark (Additional properties of the conjugacy). 



It follows from the proof that, in the setting of Theorem |1.9[ the following additional 
statements hold: 

• The quasiconformal dilatation of tends to zero as inf^g-r \z\ — )■ oo. 

• sup diogi^Zj-d^z)) — )• as Q — !■ C)0, where 

2eJQ(g) 

Jq{9) ■■= {z e J{g) : \g''{z)\ > Q for all n > 1} 
and diog denotes the distance with respect to the metric 

7. Functions with full hyperbolic dimension 



We now turn to proving Theorem 1.4 That is, we construct an entire function f E B 
that is hyperbolic and whose Julia set contains hyperbolic sets of Hausdorff dimension 
arbitrarily close to two. To do so, we will construct a suitable model function \E' : T — )■ if. 



where H is as in Theorem 1.7 and apply Theorem 1.9 



Idea of the construction. Before we give the details, let us broadly outline the idea. 
For simplicity, let us consider models : T — )• EI (where EI is the right half plane). It 
turns out that changing to the domain H from Theorem [1.7 does not add significant 
new issues. 
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We discuss the construction in logarithmic coordinates. Suppose that : T — )■ EI is 
a model function, with T C H, and let \^ be a component of V := exp~^(T); we define 
G := o exp. Then G : V — t- EI is 27rz-periodic and Glv is a conformal isomorphism 
between V and EI. 

The basic set-up of the construction is somewhat reminiscent of the proof [EKZ ] that 
the hyperbolic dimension of a function with a logarithmic tract over infinity is always 
strictly greater than one. Let K > he sufficiently large, and let Q be the square 
Q = {a + ib : K < a < 3K] \b\ < K}, centered at the point 2K. We shall build a finite 
iterated function system (compare |MUj or also |RH Definition 2.10]) on the square Q, 
each of whose branches is of the form z G~^{z + 27rik), for some /c G Z and some 
branch of G^^. Then the union of all 27riZ-translates of the limit set of this function 
system is invariant under G. Projecting by the exponential map, we hence obtain a 
hyperbolic set for the map g := expo\['; the question is how to construct the tract T 
and the function system in such a way that the Hausdorff dimension of this limit set is 
close to two. 

Suppose that we are given points coi, . . . , cOm G V with G{uj) = 2K + 2mkj, for some 
kj G Z, such that the Uj have real parts between K and SK. Suppose furthermore that 
\kj — ki\ > K/tt for i ^ j. Then, for each j, there are approximately K/tt points in 
Uj + 27riZ that are themselves contained in the square Q. For each such point, we can 
define a conformal map if^j on Q by ^^j{z) = G^^{z + 2'n'ikj), where the branch of G~^ is 
chosen such that ip^j{2K) = Uj. 

These maps form a conformal iterated function system on Q (assuming that each 
(pj{Q) does not intersect the boundary of Q, which will not be difficult to ensure). Note 
that each 99^ is a contraction, and the contraction factor is on the order of 

pmi'^K) ^ dist{uj,dV) 

Hence the size of the contraction factor depends on the distance of ujj to the boundary 
of V . So we should try to construct the tract V in such a way that the curve 

Vp:={zeV ■ ReG{z) = P}, 

where P = 2K, isn't always too close to the boundary of V. 

We will show that it is possible to ensure that F p stays a fixed distance away from dV 
at regular intervals. The construction depends on a sequence S = {ek)ke'N of numbers 
Ek G [0, 1]. The domain V consists of a central strip of fixed height 2h < 27r, joined to 
a sequence of equally spaced, equally sized chambers (on both sides) of width w. The 
connection between these chambers is opened by a fraction of Ek- That is, if e^ = 0, 
then the chamber is completely closed off, whereas if e = 1, the chamber is completely 
open; see Figure [T] 

When a chamber is completely open, i.e. e^ = 1, then — provided k is large enough — 
the curve Fp will run close to the boundary of the chamber. On the other hand, if 
Ek = 0, then the chamber is completely closed off, and hence Fp cannot enter it. By 
continuity, it is possible to ensure that F p runs through the central point of the chamber. 
This suggest that, for suitable choice of the sequence S, all the chambers between real 
parts K and 3K will contain a point uj with dist{uj,dV) > 6, for some fixed 6, and 
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Figure 1. The domain V = V{{ek)keN) 



with G{ujj) = 2K + 2TTikj, as above. The number of points then is roughly 2K'^/w-tt; 
i.e. grows quadratically with K, while the contraction factor is of order 1/K. Thus the 
Hausdorff dimension of the corresponding limit set tends to 2 as — ?■ oo. By making 
sure that the above properties hold for a sequence Kj tending to infinity, the hyperbolic 
dimension of the resulting function is equal to two. 

The hyperbolic metric in H. Before we provide the details of the construction that 
was just outlined, let us make some observations about the hyperbolic metric of 

H := {x + iy : X > — 141og_,_ \y\}. 

7.1. Lemma (Hyperbolic geometry of H). The segment [0, oo) is a hyperbolic geodesic 
in H . Furthermore, there is a constant Ci> 1 such that, for every Zq G H , the hyperbolic 
geodesic of H that contains Zq and is perpendicular to (and symmetric with respect to) 
the real axis is contained in {z G H : \zo\/Ci < \z\ < Ci|2o|}- 

Furthermore, there is a constant C2 with the following property. If x > 2 and z E H 
with 1 < Rez < x/2, then 

log (i^) 



distnfa;, z) > 



Co 



Proof. The first claim is clear because the domain is symmetric with respect to the real 
axis. 

To prove the second claim, let us use the term "vertical geodesic" to refer to geodesies 
that are perpendicular to the real axis. Consider the quadrilateral in H bounded by the 
arcs (T\z^\ici (T\zq\, where at = {z E H : \z\ = t} and Ci > 1. By the comparison 
principle for extremal length, the modulus of this quadrilateral is greater than that of 
the slit annulus 

{zeC: l/Ci < \z\/\zq\ < 1,2 ^ (-00,0)}. 

The latter modulus is equal to (logCi)/27r. Hence, by Lemma [33 , if Ci > e'^, then 
this quadrilateral contains a vertical geodesic of H. For the same reason, there is a 
vertical geodesic between a\zQ\ and <Jci\zo\- The vertical geodesic passing through z must 
lie between these two geodesies, and hence lies between a\zQ\/Ci crci\zo\, as claimed. 



HYPERBOLIC ENTIRE FUNCTIONS WITH FULL HYPERBOLIC DIMENSION 



27 



To verify the final claim, let z = P + iy, and assume without loss of generality that 
y > 0. Applying Lemma 3^, we see that 

1 / \x 
distff(x, z) > - log I 1 



2 ^ V dist{z,dH) 
We have dist(2;, dH) < P + 14 log_^ y. If log_^ y < P, then 



|x — 2;| X — P X 1 
> > > 



dist{z,dH) - 15P - 30P " 30 
On the other hand, if log_,_ y > P, then 

|x — z| ^ max(x — P,y) ^ max(a; — P, y) 



dist(z, dH) 15 log y 15 log(max(x — P,y)) 

^ ^ymax{x - P,y) ^ Vx - P ^ y/x ^ 1 
15 - 15 - 30 - 30 

(Here we used that t/ logt > for t > 1.) So in either case we have 

1 / I lie 
distH(a;, ^) ^ 2 1 ^ ^ 30 V P 

which implies that we can set 

21ogt 

C2 := sup -p < 00. ■ 

t>2 log(l + yt/30) 

Description of V and parameter selection. In a slight modification of the construc- 
tion described above, we will allow the parameter sequence S = {skjk&n to take values 
£k G [0, 1] U {1*}. Here Sk = 1* will mean that the chamber is not only completely open, 
but if furthermore also Sk+i = 1*, then the wall between the two chambers is removed. 
The reason for this is that we wish to show that our example can be chosen in such a 
way that the Julia set has positive measure, and this requires us to introduce long parts 
of the tract that have height 2tt. (Readers interested only in an example with hyperbolic 
dimension equal to two can ignore this possibility in the following.) 

We fix the width w := 2tt of the chambers and also set h := 7r/3. Then, using the 
convention that |1*| = 1, is given by 

V := V{E) := |a + z6 : a > ^, |6| < /i| 

[J |a + i6 : |a - kw\ <^,h <\b\ < vrj 

U(J la + ib: \a- kw\ < l^^^Ll^, \b\ = h\ 



u 



fceN 

u 



(J <a + tb:a = - |6| < vr ^ 



fcGN:efe=£fe+i=l* 

Let G : V H he a conformal isomorphism with G{1) = 1 and G"(l) > 0. Because 
the tract is symmetric with respect to the real axis, we have G{[l,oo)) = [l,oo), and 
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G{z) = G{z). The dynamical model function we later approximate will be given by 



\E'(po ■ exp(2;)) := G{z), where po is the constant from Theorem 1.9 and S is a suitably 
chosen sequence. 

We now proceed to investigate the behaviour of the function G, for a given sequence 
S = {ek)ke'N- All definitions in the following depend on S, but for simplicity of notation, 
we often suppress this dependence. We also emphasize that any constants appearing in 
the results will be independent of S, unless explicitly stated otherwise. 

A key fact is that the tract V{E) depends continuously on S, using the product 
topology on ([0, 1] U {1*})^ and the Caratheodory kernel topology for the domains. In 
particular, the inverse G^^ : H V, and thus also the function G itself, depends 
continuously on S in the topology of locally uniform convergence. 

We begin by estimating independently of S: 

7.2. Lemma. There are constants C3 > 1 and C4 > such that 

Re z 

Ci<\og\Giz)\ < C3Re;z + C4 



C3 

for all z E V with Kez > w. 

Proof. By the standard estimate on the hyperbolic metric (or, alternatively, by the 
Ahlfors distortion theorem), it follows that there is a constant C3 > 1 such that 

X/G3 < logG(x) < C3X 

for all X G n M with x>w/2>l. 

Now let z E V with Re 2; > w. We consider the vertical geodesic 7 of K passing through 
z (i.e., the unique geodesic through z that intersects the real axis perpendicularly.) Let 



X be the point of intersection of 7 with the real axis. It follows from Lemma 7.1 that 
G{x)/Ci < \G{z)\ < Ci ■ G{x); hence 

(7.1) x/Cs - logCi < log \G{z)\ < C3X + logCi. 

Furthermore, let k > 2 be maximal with kw/2 < Kez. Then the quadrilateral in 
V bounded by the vertical cross-cuts {( E V : Re( = {k — l)w/2} and {( E V : 
ReC = kw/2} has modulus at least 1/2 (by choice of w and the comparison principle for 



extremal length). Hence, by Lemma 3.5 this quadrilateral contains a vertical geodesic of 
V, and in particular we must have x > {k — l)w/2. Similarly we have x < {k + 2)w/2, 
and hence 

\x — Rez\ < w. 



Combining this with (7.1), the proof is complete. 
For P > 0, define as above 

Tp:={zEV : ReG{z) = P}. 
We shall define signed hyperbolic distance from Tp in V hj setting 

' -distviz,Tp) if ReG{z) > P; 



5{z,P) :- 



if Re G{z) = P 

distv {z,Tp) ifReG{z)<P; 

00 a z ^v. 
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We observe that 6{z, P) depends continuously on E for fixed z and P. Hence, setting 
(k '■= kw + i ■ we see that 

5p,fc(H) :=(5(a,P) 

is a continuous function of H. 

7.3. Lemma. (a) For all k and all S = {ek)ke'N- if = 0, then (5p^fc(H) = oo. 
(b) For all P > 0, there is k^ = k^^P) G N (independent of the sequence H = {6k)ken) 
such that, for all k > ko: if Sk = 1 (or Sk = 1*^, then 6p^k ^ 

Furthermore, there is a constant k,2 such that fco(-P) < 1^2 ■ logP for sufficiently 
large P. 

Proof. The first part is trivial by definition. 

To prove the second part, we can assume without loss of generality that P > 1. 
Suppose that Ek = I or Sk = 1* with k > C3 ■ log(2P)/w, where C3 is as in the proof of 



Lemma 7^2 Set x := Ile(k = k ■ w. 

By the standard estimate on the hyperbolic metric, the hyperbolic distance between 
(k and X := Re(k = k ■ w is bounded by some uniform constant C. (In fact, given our 
choice of w and h, we can take C = 4.) Hence, if Sp^kC^) > —1, then the hyperbolic 
distance between x and Fp is bounded by C + L This is only possible if k is sufficiently 
small. 

Indeed, we have G{x) > explx/C^) > 2P by choice of k. Applying Lemma 7.1, we 
see that 

C + l> distv^(x, Fp) > )^ > — — - 

The claim follows by rearranging. ■ 

Remark. We could have replaced the sequence {^k) by any sequence whose hyperbolic 
distance from ^k is bounded (or does not grow too quickly). This would yield a stronger 
version of Theorem 7.4 below, but we will not require this extra generality. 

We can now prove our parameter selection result. 

7.4. Theorem. Let A gN, and suppose we are given values {sk)km\A with Sk G [0, 1] U 
{!*}, and a sequence {Pk)keA with k > ko{Pk) for all k. 
Then there is a sequence E = {ek)k£N such that 

• Ek =Sk for k ^ A and 

• 5fc,p^(H) = (i.e., Ck e FpJ for all k e A. 

Proof. Let us first prove the result for finite subsets A C N. If m := ^A = 1, then the 
claim simply corresponds to the intermediate value theorem. 

For m > 1, the claim similarly follows by basic topology. More precisely, let us define 
a map from the m-cube [0,1]^ to itself. For x G [0, 1]"^, let E{x) be the sequence defined 
by setting Sk = Xk for k & A and Ek = £k for k ^ A. 

For k E A and x G [0, 1]"^, we define 

'0 Sk,P^{E{x)) > 1, 

Sk{x) := { 1 4,p,(H(x)) < -1, 



l-5k,P,iS(x)) 



otherwise. 
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Then : (efc)^^^ i-> ((5A:)A;eA is a continuous map of the m-cube to itself, and by Lemma 
7.3 it maps any face (of any dimension) to itself. Hence the map between the homotopy 
(or homology) groups of the boundary of the cube induced by is the identity. This 
implies that if> must be surjective; and thus there exists x G [0, 1]"^ such that (5fc(x) = 1/2 
for all k ^ A. 

This proves the theorem for finite A. If A is infinite, we take an increasing sequence 
of finite subsets A}^ that exhaust A, and let S be a limit of the corresponding sequences. 
The claim follows by continuity of the functions S 5fc p^(H). ■ 



Proof of Theorem 1.4 We are now in a position to complete the construction, in 
line with the sketch we gave at the beginning of the section. Recall that we will need to 
move the tract sufficiently far to the right in logarihmic coordinates in order to apply 
Theorem 1.9 i.e., we are really interested in the dynamical behaviour of the function 
G{z — Rq), where Rq := logpo > 0. 

7.5. Corollary. There is a constant Kq > Rq with the following property. Suppose that 
Kq < Ki < K2 < . . . is a sequence of integers with -ft'i+i > 3Ki for all i > 1. Then 
there is a sequence S so that the corresponding function G : V{E) — )■ H satisfies 



for all k with Ki <w ■ k 



ReG(a) = 2X, 
Rq < 3Ki and such that Sk 



1* for all other k. 



Proof. This follows from the previous theorem. It only needs to be checked that {Ki — 
Rq)/w > ko{2Ki), provided Kq was chosen sufficiently large, and this follows from the 



statement on the size of k^ in Lemma 7.3 



For the remainder of the section, let us fix 1 < Kq < Ki < K2 < . . . and let V = V(H) 
be as in the preceding corollary. We define 

Go{z) := G{z - Rq), ^f(exp(2;)) := Gq{z) and g{z) := exp(^f(z)). 

So Go : V"' — 7- if is a conformal isomorphism, where V = V + Rq, and \I' : T — )■ if is a 
model function, where T := exp(y). 



By definition, T C {\z\ > Pq}, and hence we can apply Theorem 1.9 to \E'. We obtain 
a disjoint-type entire function / : C — > C with \g{z) — f{z)\ = 0{l/\z\) and such that / 
and g are quasiconformally conjugate on their Julia sets. 



7.6. Theorem. The hyperbolic dimension of g is two. Hence also dimhyp(/) 
/ and g have finite order. 



2. Both 



Proof. Let us fix i (sufficiently large) and K := Kf, we shall construct a hyperbolic set 
whose dimension tends to two as i tends to 00. 

Let k~ and k~^ be the minimal resp. maximal values of k with K + w/2 <w-k + RQ < 
3K - w/2. That is. 



k- 



'2K + w-2Ro 
2w 



and k^ 



6K -w- 2Ro 
2^ 



Set Cfc := Ck + Ro- Then ReGo(Cfc) = 2i^ by choice of V; observe also that ImGo(Cfc) > 
(since Go is real on the real axis, and the points C[ lie above the real axis in V^). Let us 
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define 



mk 



ImGo(a; 



and Uk '■= Gq {2K + 2T[imk 



27r 

In other words, G'o(i^fc) is the 27rzZ-translate between 2K and GolCD that is closest to 

Let Q be the square of sidelength K centered at 2K. For k <k<k^, define 

Lfk'- Q ^V]z ^ Gq^{z + 2'nimk). 
We begin by showing that the ipk do not contract too strongly. 

Claim 1. There exists a universal constant Aq such that > Xq/K for all k G 

{k^ , . . . , k~^} and all z & Q. 

Proof. Each ipk extends conformally to a square of sidelength 2K centered at 2K. Hence 
it suffices to estimate the derivative of ipk at the center of the square; the claim then 
follows from Koebe's distortion theorem. We have 

(7-2) \^k{^K)\ = > 



pvif^k) 'idisi(Go{uJk),dHy 

We first note that the hyperbolic distance between ojk and Cfc is uniformly bounded 
(and in fact tends to zero as i tends to infinity). By choice of S, dist(Cfc, V) is uniformly 
bounded from below; hence dist(a;fc, V) > 6i for some universal 6i > 0. Furthermore, 

dist(Go(wfc),9if) <2K + 141og_,(27rmfc) < 2i^ + 141og+ \GiCk)\ 

<2K + G3-ReCk + Gi<2K + 3CsK + Q < (2 + SCg + ^4)^ 



Substituting these two estimates into (7.2) completes the proof of the claim. A 

Claim 2. For k~ < k < k~^, we have {2k — l)w/2 < R.e(fk{z) < {2k + l)w/2, provided i 
was chosen sufficiently large. 

Proof. The hyperbolic distance in V' between Uk and is uniformly bounded. The 
hyperbolic diameter of Q + 2i[imk in if, and hence the hyperbolic diameter of ^Pk{Q) in 
V, is likewise uniformly bounded. Thus the hyperbolic distance between and ipk{z) 
is uniformly bounded, independently of k and z E Q. On the other hand, as k tends to 
infinity (under the assumption that Ki + w/2 < w ■ k + po < 3Ki — w/2 for some i), we 
must have — )■ by the same reasoning as in the proof of Lemma 7.3 This implies 
that, for sufficiently large k, the set ^Pk{Q) is contained in the k-th "chamber" of the 
tract V, proving the claim. A 

Consider the conformal iterated function system on Q formed by the maps 

(pl{z) := (pk{z) + 27ri£ 

for k^ < k < k^ and \i\ < {K — 7r)/27r. By the preceding lemma, and choice of £, we 
have '^k{Q) C Q for all k and £, and the images of Q under these maps have pairwise 
disjoint closures. The number of functions in our IFS is 

N={2 + 1^ ■ {k+ - fc- + 1) > Ai ■ K\ 

where Ai is a suitable constant (provided i, and hence K, is sufficiently large). 
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Let X = Xi he the limit set of this iterated function system; i.e. X is the unique 
compact set with X = [jf^ ^{pl{X). We have 

dim (X ) > log^ > 21ogir + logAi 

'""''^ ^^-inffc,,,,log|(/,)-i'(;2)| - logir-logAo' 

(Compare e.g. |Rll Lemma 2.10].) So dimH(Xj) — 2 as i, and hence K, tends to infinity. 

To conclude the proof, first note that exp(Xj) is invariant under g by definition. 
Indeed, let z G Xf, say z G ipKQ). Then 

g{exjp{z)) = exp{Go{z — 2nii)) 

= exp{{Lpk)~^{z - 27ci) - 2-Kimk) = exp{{(fl)~'^ (z)) G exp(Xi). 

So exp(Xj) is an invariant compact set for g. Every such set is a hyperbolic set for g 
(since g strictly expands the hyperbolic metric of T). This proves the claim for g, and the 
corresponding claim for the approximating function / follows because the two functions 
are quasiconformally conjugate, and quasiconformal maps preserve sets of Hausdorff 



dimension two. Furthermore g has finite order of growth by Lemma 7.2, and the same 
holds for /. ■ 

Remark 1. The key point in the proof at which the choice of the range H comes into 
play is Claim 1, which allows us to estimate the size of the pieces in the iterated function 
system from below. If our domain H was, say, instead given by a "parabola shape" 

H = {x + iy : X > —\y\^}, 

then the size of these pieces would shrink exponentially with k, and the proof breaks 
down completely. 

Remark 2. The Ahlfors distortion theorem gives a precise value for the order of g (and 
/) in terms of the shape of the tract V , and hence it is not difficult to see that, by 
varying the height h of the tract, we can construct functions of any given order. Letting 
the height tend to zero (slowly) along the real axis, we can also construct functions of 
infinite order. 



To complete the proof of Theorem |1.4[ it remains to show that — provided the Ki were 
chosen appropriately — the Julia set of / has positive area. This follows by letting the 
sequence grow extremely quickly, so as to leave intermediate pieces where the tract 
has height 27r, with the length of these pieces growing at least in an iterated exponential 
manner. 

We can then apply |ABl Remark 3.1] to our function to see that the Julia set has 
positive area. That the hypotheses of this result are satisfied follows from |ABl Theorem 
1.3]. We omit the details. 

8. Further applications 

We now briefiy comment on the construction of the other two counterexamples men- 
tioned in the introduction. 



First we comment on Theorem 1.10 In |RRRSl Theorem 8.3], a model function 
\E' : T — 7- EI is constructed such that z i— )■ e*'-^'' has the desired properties. Here the tract 
T is constructed as T = exp(V^), where V is contained in a horizontal strip of height 
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27r. Furthermore, the domain V can be chosen to he in any half plane {ReC > R}] in 
particular for the choice R = Rq = log po, where po is as in Theorem |1 .91 

By our theorems, we only need to show that, in this construction, we can replace 



the right half plane EI by the domain H from Theorem |1.7[ This can be seen in two 
ways. Either we note that we can carry out the same construction in this setting also. 
Alternatively, let be the model actually constructed in |RRRSj . and consider : = 
\E' o B, where <d : M. H is a conformal isomorphism. That this does not change the 
order of growth of the resulting function is easy to see by estimating the asymptotics 
of the map using standard methods. Thus it remains to show that the new map also 
has the property that the Julia set contains no unbounded path-connected components, 
and this follows exactly as in |RRRSl pp. 109-110: Proof of Theorem 1.1]. 



Now we turn to Theorem 1.11 We indicate how to modify the proof in |RRS] . where 



a model function F : T — )■ EI is constructed with the desired properties, to instead yield 



a model function F : T ^ H, where H is as in Theorem 1.7 Here T is a tract in 
logarithmic coordinates, so at the end of the construction, we will apply Theorem 1.7 to 
the map ^'(e^) := F{z). 

The form of the tract T, as described in |RRSt Section 6] is exactly the same; instead 
of choosing a conformal isomorphism F : T — )■ EI with -F(l) and F{oo) = oo, one takes 
instead a conformal isomorphism F : T ^ H with the same properties. We need to 
show that |RRS| Proposition 6.3] also holds for this construction. 

Most of the proof again goes through verbatim, except for the following points, which 
previously used explicit formulas for the hyperbolic metric in EI: 

• Instead of the first displayed equation, we note that 

distnil, F{u)) = / pH{t)dt, 



and 1/t > puit) > ^ for all t G M, where the first inequality follows because 
EI C if and the second from the standard estimate on the hyperbolic metric in a 
simply-connected domain. Thus we see that 

distnil, F{u)) < log(F(M)) < 2distH(l,F(M)). 

We again have dist//(l, F{u)) = distT(l, u), and the proof proceeds as before. 
The estimate on F{wk) also uses the explicit formula for the hyperbolic metric; 
this estimate is used in the choice of Ek in the inductive construction. 



We could simply replace this estimate by that from Lemma 7_A, but instead we 
make a more qualitative argument. The key point is that, for fixed T > 0, the 
hyperbolic distance in H between R and the line {Re z = T} tends to infinity as 



— )■ oo by Lemma 7.1 



It follows that there is a function r]{RQ,r) with the following properties such 
that R> Rq and z E H with dist//(i?, z) < r, then Re 2; > ti^Rq, r). Furthermore, 
for fixed r, we have lim/jQ_j.oo viRoyf^) = 00. 

Now, in the inductive definition, we again choose Ek after Uk+i has been chosen, 
but before r^+i, in such a way that 

rj{b{rk + 1), 12rfc) > Uk+i + ^k- 
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(This is possible because b{rk + 1) — t- oo as ^fc — )■ 0.) 

Since distniF^Wk), F{r-k + 1)) < 12rfc and F{rk + 1) > b{r-k + 1), we then again 
have ReF(wfc) > Uk+i + '&k, as desired. 
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